We construct dual supergravity descriptions of D3-branes wrapping special Lagrangian cycles L in Calabi-Yau 3-folds. We analyse the conditions for having five-dimensional background solutions of the form AdS 2 × L and show that they require L to be of constant negative curvature type. This provides AdS 2 background solutions when L is the hyperbolic space H 3 or its quotients by subgroups of its isometry group. We construct a regular numerical solution interpolating between AdS 5 in the UV and AdS 2 × H 3 in the IR. The IR fixed point exists at the "intersection" of the Coulomb and Higgs branches. We analyse the singular supergravity solutions which correspond to moving into the Higgs and the Coulomb branches. For negative constant curvature spaces the singularity is of a "good" type in the Higgs branch and of a "bad" type in the Coulomb branch. For positive constant curvature spaces such as S 3 the singularity is of a "bad" type in both the Higgs and the Coulomb branches. We discuss the meaning of these results.
Introduction
Special Lagrangian 3-cycles in Calabi-Yau 3-folds are supersymmetric cycles in the sense that D-branes wrapping them are supersymmetric configurations [1, 2, 3] 1 . The lowenergy field theory on the worldvolume of Dp-branes wrapping special Lagrangian 3-cycles is a (p − 2)-dimensional gauge theory with four supercharges. The Dp-brane worldvolume theory is a twisted field theory [2] . The holonomy group of a 3-cycle L is SO(3) and its normal bundle in the Calabi-Yau 3-fold can be identified with its cotangent bundle. The three scalars parametrizing the embedding of a Dp-brane wrapping L in a Calabi-Yau 3-fold M are sections of the normal bundle of L in M and are therefore 1-forms rather than ordinary scalars. The twisting means choosing the holonomy group of the tangent bundle to be equal to the structure group of the normal bundle. This gives four covariantly constant supercharges which are "twisted" and become scalars rather than spinors.
We will consider Type IIB string theory compactified on a Calabi-Yau 3-fold M and N D3-branes wrapping the 3-cycle L in the limit l s → 0 where we keep the volumes of the cycle L and the Calabi-Yau manifold M fixed [5] . While at high energies the worldvolume theory is four-dimensional, at low energies compared to the inverse size of L the theory is (0 + 1)-dimensional. We will be interested in the infrared (large time) behaviour of the quantum mechanics.
Our aim is to construct dual supergravity descriptions of the worldvolume theories of the D3-branes wrapped around special Lagrangian cycles. Supergravity descriptions of branes wrapping supersymmetric cycles have been constructed in various cases such as for Riemann surfaces in Calabi-Yau spaces [6, 7, 8, 5, 9, 10] and associative cycles in G2-holonomy manifolds [11] . Here the twist induces the boundary conditions on the gauge field coming from the metric upon compactification [5] . We will use a five-dimensional truncation of the full type IIB supergravity. Since to implement the twist we need an SO(3) gauge potential, a suitable supergravity theory in five dimensions is the N = 4 SU(2) × U(1) gauged supergravity described in [12] which was shown to be a consistent truncation of type IIB supergravity in [13] .
To analyse what types of 3-cycles we should consider, we note the eight geometric types in the classification of closed 3-manifolds introduced by Thurston [14] . The most relevant for us are the first three types in the classification, based on the three constant curvature spaces, the 3-sphere S 3 which has a positive scalar curvature R > 0 and isometry group G = SO(4), the Euclidean space E 3 with R = 0 and isometry group G = R 3 × SO(3) and the hyperbolic space H 3 with R < 0 and isometry group G = P SL(2, C). The constant curvature spaces H 3 , S 3 will be analysed in detail in the following sections. The Euclidean space E 3 , being flat, does not lead to a new background, i.e. the topological twist is trivial.
We will analyse in general the requirements that a special Lagrangian submanifold L has to meet in order to allow for a solution of the form AdS 2 × L, which corresponds to an IR fixed point. We will see that a necessary and sufficient condition is to have a constant negative scalar curvature. Thus, we will find an AdS 2 × ds 2 H 3 solution, and its quotients by subgroups of the isometry group P SL(2, C) to make the 3-cycle compact. Since the spinors are independent of the coordinates on H 3 these quotient solutions are also supersymmetric. We will construct a regular numerical solution interpolating between AdS 5 in the UV and AdS 2 × H 3 in the IR. The IR fixed point exists at the "intersection" of the Coulomb and Higgs branches. We will analyse the singular supergravity solutions which correspond to moving into the Higgs and the Coulomb branches. For negative constant curvature spaces the singularity will be shown to be of a "good" type in the Higgs branch and of a "bad" type in the Coulomb branch. This indicates a decoupling of the Higgs branch from the Coulomb branch. For positive constant curvature spaces such as S 3 the singularity is of a "bad" type in both the Higgs and the Coulomb branches, which is consistent with the absence of a Higgs branch on the field theory side in this case.
The paper is organized as follows. In section 2 we will analyse in some detail the twisted theory on the worldvolume of D3-branes wrapping a special Lagrangian 3-cycle in a Calabi-Yau 3-fold. In section 3 we will discuss the supergravity equations which have to be solved in order to provide supergravity dual descriptions of the twisted D3-branes theories. In section 4 we will begin by reviewing the possible types of 3-cycles that should be analysed. We will then construct solutions to the supergravity equations. We will show that supersymmetric AdS 2 × L backgrounds are solutions provided the 3-cycle is of a constant negative scalar curvature type. We will solve numerically the supergravity equations and construct a regular solution interpolating between AdS 5 in the UV and AdS 2 × H 3 in the IR. We will next analyse the singular supergravity solutions which correspond to moving into the Higgs and the Coulomb branches and the type of the singularities. In appendix A we will show how the case of D3-branes wrapping a Riemann surface arises from our construction and discuss the nature of the singularities along the Coulomb and Higgs branches. In appendix B we will provide some details of the computations for H 3 and S 3 special Lagrangian 3-cycles.
D3-branes wrapping special Lagrangian cycles
We consider Type IIB string theory compactified on a Calabi-Yau 3-fold M. Denote by κ the Kahler form of M and by Ω the holomorphic (
Special Lagrangian 3-cycles are volume minimizing in their homology class. They are supersymmetric cycles in the sense that D-branes wrapping them are supersymmetric configurations. Consider a D3-brane wrapping L. This configuration is a BPS state of Type IIB string theory compactified on M. It is a particle in the transverse R 3,1 directions. The D3-brane worldvolume theory is a twisted field theory. The holonomy group of the 3-cycle L is SO(3) and its normal bundle N in M can be identified with the cotangent bundle T * L. The three scalars parametrizing the embedding of the D3-brane in M are sections of the normal bundle of L in M and are therefore 1-forms rather than ordinary scalars. Let us analyse this structure in more detail.
The symmetry group of a D3-brane in flat space is SO(3, 1) × SO(6), where SO(3, 1) is the Lorentz symmetry and SO(6) is the R-symmetry group of the worldvolume theory. Alternatively, they can be viewed as the symmetry groups of the tangent and normal bundles respectively.
Due to the wrapping the symmetry group is broken as
Here SO(3) L is the symmetry group of L, SO(3) N is the structure group of the normal bundle of L in M, SO(3) T is the symmetry group of the three non-compact flat directions transverse to the brane. The sixteen supercharges of the D3-brane in flat space transform as (2, 1, 4) ⊕ (1, 2,4) under SO(3, 1) × SO (6) . Since the 4 of SO(6) transforms under a subgroup
The twisting means choosing the holonomy group of the tangent bundle SO(3) L to be equal to the structure group of the normal bundle SO(3) N . This gives four covariantly constant supercharges which transform as 2(1, 2) under SO(3) L ×SO(3) T . The supercharges are "twisted" and become scalars rather than spinors.
The six scalars parametrizing the embedding of the D3-brane in flat space transform as (1, 6) under SO(3, 1) × SO (6) . Since the 6 of SO(6) transforms under a subgroup 3, 1) . After the twist they transform as ( (1, 3) are the three scalars that parametrize the embedding of the D3-brane in the three non-compact flat directions normal to the brane. The (3, 1) correspond to the 1-form that parametrizes the embedding of the D3-brane in the directions normal to the brane in M.
We will consider N D3-branes wrapping the 3-cycle L in the limit l s → 0 where we keep the volumes of the cycle L and the Calabi-Yau manifold M fixed [5] . This is the large volume limit in string units. Due to the non-trivial embedding of the cycle in M the worldvolume theory in this limit is a twisted field theory, as described above. However, note that in this limit the theory is not sensitive to the global structure of M.
While at high energies the worldvolume theory is four-dimensional, at low energies compared to the inverse size of L the theory is (0 + 1)-dimensional U(N) gauge theory. The (0 + 1)-dimensional gauge coupling g is given by g 2 = gs V ol (L) . It has a mass dimension 3 2 . We will be interested in the infrared (large time) behaviour of the quantum mechanics. At low-energies the theory is described by a supersymmetric σ-model quantum mechanics with four supercharges. The target space is determined by the D-term and F -term equations. Unlike the eight supercharges case, the target space is not protected from quantum corrections. The target space has branches which we denote by Higgs and Coulomb. The Higgs branch corresponds to the moduli of the special Lagrangian cycle embedded in the Calabi-Yau 3-fold. The Coulomb branch corresponds to the moduli of the D-branes in the three transverse non-compact flat directions. At low energies we can expect a decoupling of the Higgs and Coulomb branches, such that the IR physics is that of a supersymmetric σ-model quantum mechanics on the Higgs branch. This is argued for theories with eight supercharges in [15, 16] and for theories with four supercharges in [17] . We will see that the dual supergravity description indicates a decoupling of the Higgs and Coulomb branches in our case.
The supergravity equations
We aim at a dual supergravity description of the worldvolume theory of N D3-branes wrapped around a special Lagrangian cycle L in a Calabi-Yau 3-fold M. As discussed above, the worldvolume theory is twisted, and the twist induces the boundary conditions on the gauge field coming from the metric upon compactification. It also implies that a scalar operator in the 20 representation of SO (6) is turned on, as in [5] .
We will use a five-dimensional truncation of the full type IIB supergravity. To find a suitable truncation we observe that the holonomy of the L is SO(3) so for the twist we will need an SO(3) gauge potential. Therefore a suitable supergravity theory in five dimensions is the N = 4 SU(2) × U(1) gauged supergravity described in [12] which was shown to be a consistent truncation of type IIB supergravity in [13] .
We are looking for a supersymmetric solution of the theory of [12] . To this end we have to check the supersymmetric variations of the fermionic fields. These are given by
for the four gravitini and
for the remaining four spin-
fields. The notation agrees with [12] except that we use a space-time metric with signature (−, +, +, +, +). The definitions are
The γ ν , ν = 0, ..., 4 are the five dimensional space-time gamma matrices, whereas the Γ I,α are the Spin(5) gamma matrices with the index ranges I = 1, 2, 3 and α = 4, 5. The a, b are Spin(5) spinor indices and Ω ab is the antisymmetric matrix used to lower these indices. F I µν and f µν are the SU(2) and U(1) gauge fields respectively, g 2 and g 1 are the corresponding coupling constants, Φ is a scalar field and B α µν are antisymmetric tensor fields transforming as a U(1) doublet.
The SU(2) × U(1) is embedded in Spin(5) by taking Γ I45 and Γ 45 as the respective generators. We therefore have the covariant derivative on the spinors ε a
with ∇ µ denoting the usual space-time covariant derivative and a µ , A I µ are the U(1), SU(2) gauge potentials. Furthermore we will use the freedom to rescale the coupling constants as in [12] and defineḡ ≡ √ 2g 1 , g 2 ≡ḡ. Note that we cannot set the U(1) coupling g 1 simply to zero since the kinetic term of the B α µν field goes like
2 . For later reference it is useful to recall the five-dimensional field equations for zero fermionic fields which follow from the Lagrangian given in [12] . In terms of our conventions and with a µ , B α µν set to zero we obtain for the metric
and for the scalar
where for notational simplicity we introduced ϕ ≡ 2 3
Φ and used F 2 as short for F I µν F µν I . The scalar potential P (ϕ) reads
For a supersymmetric solution the variations (2),(3) of the fermionic fields must be zero. As the five dimensional metric we take the ansatz
where by ds
We assume the functions f, g to depend only on the radial coordinate r. We also take the scalar field ϕ to depend only on r. ϕ is dual to the turned on scalar operator.
Thus, we have to solve the following equations
with the definitions
We note that for a time independent spinor ε a we can combine the t-component of equations (15) and (16) to get the relation
This relation is independent of the metric of L. At the boundary of AdS 5 (small r) we impose the metric
This implies at small r the boundary conditions f (r), g(r) ∼ −Log(r). Note that we work in the units where the AdS 5 radius is one. In order to restore the units and the N dependence we have to multiply the metric by R 2 AdS = √ 4πg s Nα ′ . We impose the condition
where the subscripts are flat indices associated to the space-time indices according to (76). This condition is met by (super)covariantly constant spinors on AdS which depend only on r [19, 20] .
To realize the twist we have to satisfy
where the hatted indices are (μ curved,î flat) indices along L. We do this by appropriately mapping the generators of the holonomy group to the generators of the SU(2) gauge group and letting the U(1) generator Γ 45 act on the spinors as (Γ 45 ) b a ε b = ±iε a . The boundary conditions on the metric imply that the positive sign is the correct choice as can be seen from the gravitino variation (2) in t direction. By equating the spin connection with the gauge connection we thus get
where f establishes the map between the generators of the two groups (see below and appendix).
In closing this section we note that we can get the case of D3-branes wrapped around a Riemann surface [5] from (2) and (3). We have to set B α µν to zero, take Φ to depend only on r, and truncate the SU(2) × U(1) gauge group to the Cartan subgroup U(1) × U(1). The precise details are given in appendix A.
Supergravity backgrounds
In this section we will construct analytical and numerical solutions to the supergravity equations.
Three manifolds
In the following we discuss what types of 3-cycles we should consider. Thurston introduced eight geometric types in the classification of closed 3-manifolds [14] , which we will briefly review 3 . The main points of the classification are that there are only eight basic homogeneous geometries, up to an equivalence relation, that can be supported by closed 3-manifolds and that if a closed 3-manifold of a given topology admits one of these geometric types then it is unique.
One considers an orientable, connected, complete and simply connected Riemannian 3-manifold X which is homogeneous with respect to an orientation preserving group of isometries G. The eight geometric types classify (X, G). The equivalence relation (X, G) ∼ (X ′ , G ′ ) holds when there is a diffeomorphism of X onto X ′ which takes the action of G onto the action of G ′ . Out of these types one constructs spaces (geometric structures) M ≃ X/Γ where Γ is a subgroup of G. Here the action of Γ is discontinuous, discrete and free. M is locally homogeneous with respect to the metric on (X, G) 4 , it is isometric to the quotient of X by Γ.
The first three types in the classification are based on the three constant curvature spaces, the 3-sphere S 3 which has a positive scalar curvature R > 0 and isometry group G = SO(4), the Euclidean space E 3 with R = 0 and isometry group G = R 3 × SO(3) and the hyperbolic space H 3 with R < 0 and isometry group G = P SL(2, C). The constant curvature spaces S 3 , H 3 will be analysed in detail in the following sections. The Euclidean space E 3 , being flat, does not lead to a new background, i.e. the topological twist is trivial. This class includes, for instance, the 3-torus T 3 . The next two types are based on S 2 × E 1 and H 2 × E 1 . In this class we have, for instance, Σ g × S 1 where Σ g is a genus g Riemann surface. They can be realized as supersymmetric 3-cycles in K3 × T 2 . The models are those of [5] compactified on circles. Type six is the universal cover of the fiber bundle whose base is H 2 and whose fiber is spanned by tangent vectors of unit length. The last two types are the Heisenberg group and the solvable Lie group. These types are anisotropic geometries and one can write an explicit metric for them [21] . However, it is not clear whether any of these last three types can be realized as a special Lagrangian 3-cycle.
AdS 2 × L solutions
In this subsection we analyse the requirements a special Lagrangian submanifold has to meet in order to allow for a solution of the form AdS 2 × L, which corresponds to an IR fixed point. We will see that a necessary and sufficient condition is that L be of constant negative curvature type. We consider the ansatz (13), (14) . Due to the twist we can establish a relation between the SU(2) gauge field strength and the curvature of L
which follows from (21) . We now take the variation of the gravitino (15) which is polarized in the t direction. This may be written as
so that
The lhs of (25) depends only on r so the rhs must be independent of the coordinates on L. The rhs depends on the coordinates on L through the term γ νρ R ij νρ γ ij so that we have the condition
up to an r dependent term coming from the vielbein needed to change the curved indices in γ νρ to flat ones. In three dimensions the Weyl tensor vanishes identically so that the Riemann tensor can be expressed in terms of Ricci tensor and scalar curvature
Using this in (26) we see that the scalar curvature has to be constant. This in turn implies that the Ricci tensor is proportional to the metric. Plugging this into (27) we find that for a supersymmetric solution the three dimensional cycle has to be maximally symmetric
We are now in the position to investigate (supersymmetric) solutions of the equations (15) and (16) which are of the form AdS 2 × L. We require
according to the ansatz (13). We rewrite (24) for the maximally symmetric cycle by using (29). This leads to 1 6ḡ
In order to satisfy equation (18) with the boundary condition (29) ϕ has to approach a constant value in the far IR (r → ∞). Equation (30) then also requires e 2g to be asymptotically constant. So supersymmetric solutions in the IR with an AdS 2 part are indeed of the product form AdS 2 × L where L has constant size.
We can plug this additional information into the remaining fermion variations of (15) and (16) . This results in
and
Combining these two equations and using (30) we find
where R is the scalar curvature of L. From (31) and (33) we see that the the scalar curvature of L has to be negative. We conclude that a necessary and sufficient condition for a supersymmetric solution of the type AdS 2 × L is that the 3-cycle L be of negative constant curvature type. Thus, there is an AdS 2 × ds 2 H 3 solution, and we can take its quotients by the isometry group P SL(2, C) to make the 3-cycle compact. Since the spinors are independent of the coordinates on H 3 these quotient solutions are supersymmetric too. If we take the ds 2 H 3 line element
we get e 3ϕ = 4, e 2g = 4
where we have setḡ = 2 √ 2. Using [13] 
where (ξ, τ, α, β, γ) parametrize the compactifying S 5 and the 1-forms σ i are related to the angles (α, β, γ) by σ 1 + iσ 2 = e −iγ (dα + i sin αdβ) and σ 3 = dγ + cos αdβ. Furthermore
where ds
It is illuminating take a closer a look at the field equations (10) and (11) . From (10) we get for the Ricci Scalar R of the five-dimensional background
Consider solutions where ϕ is constant. Equation (11) reads now
and implies that F 2 is constant. Equation (38) and (12) imply then that the fivedimensional scalar curvature R is constant and negative. Since F 2 can be written as a product of e −4g times some function of the coordinates on L we deduce that both factors have to be constant. Consider AdS 2 × L solutions. Then the above implies that L is a constant curvature 3-fold.
A solution of the form AdS 2 × S 3 (or more generally any 3-cycle with positive scalar curvature) is excluded at the level of the field equations (10) and (11) . Combining the two field equations and taking ϕ = const. we get for the five dimensional Ricci tensor
whereR = e g denotes the radius of the S 3 . Note that the term in (40) proportional toR
vanishes for the components of R µν which are not along the sphere. The time component of (40) fixes the radius of the AdS 2 -part in terms of ϕ for the ansatz (29) as
On the other hand we can use (38) and (39) to express R in terms of ϕ
For an AdS 2 × S 3 background we have R = − 2 A 2 + 6 R 2 , which upon using (41) leads to a contradiction.
D3-brane wrapped on H 3
Consider the N D3-branes wrapped on a special Lagrangian cycle H 3 . Recall that for the five dimensional metric we take the ansatz
where f, g depend only on r. The second part of the above metric is the metric of the H 3 . We have to solve (15) and (16) in this background. The twist implies by (80) that the SU(2) gauge potentials are
In order to take advantage of the conditions (20) we write (15) more explicitly, as done in appendix B in equations (84), (85), (86) and (87).
For the solution we impose on the field strengths (81)
We solve these constraints by setting
From the twist we get the following constraints on the Killing spinors
b a ε b = ±iε a and where we have used (47). Given the above constraints the supersymmetric variations vanish for
The boundary conditions as r → 0 are g(r), f (r) → −Log(r) so that from (49) we get
As in [5] there is a relation between g and ϕ which reads
The integration constant C is related to the integration constant C ϕ (50) of the differential equation for ϕ, i.e. to the expectation value in the UV of the operator dual to ϕ [5] . For an asymptotic configuration (35) we find C = 1 4
(3 − log 4). We therefore expect to have for this value of C a solution interpolating between AdS 5 in the UV with AdS 2 × H 3 in the IR. Indeed we can find such a solution numerically. In figure (1) we plot e 2f (r) as obtained from a numerical solution of equations (49) In figure (2) we plot e 2g(r) as obtained from a numerical solution in comparison to the expected behaviour in the IR, e 2g = 4
Again we see that they coincide in the IR. An expansion of (51) leads to C ϕ = C 3 so that
As noted, we can interpret C ϕ in (50) roughly as the expectation value of the operator dual to ϕ. C ϕ = C crit. ϕ is then the value for which the Higgs and Coulomb branches "intersect" and this is where we expect a fixed point. For C ϕ > C crit. ϕ we move into the Coulomb branch while for C ϕ < C crit. ϕ we move into the Higgs branch. It is then of interest to see what happens to the supergravity solution as we vary C ϕ , which enters as a boundary value for ϕ. This analysis can be done numerically.
The numerical analysis of (49) shows singular solutions for C ϕ > C crit.
ϕ , as depicted in figure (3) and (4) .
We can check the nature of the singularity according to the criterion of [22] . We need to compute the effective potential of the five-dimensional gauged supergravity corresponding to the above solution. For our ansatz with the gauge field determined by the twist we find from the Lagrangian given in [12] V ef f = 3 16
Since this potential diverges near the singularity it is of "bad" type. The meaning of this singularity is that in the limit that we consider the Higgs and the Coulomb branches decouple, and we remain at low-energy with a (0 + 1)-dimensional σ-model on the Higgs branch.
The numerical solution for C ϕ < C crit. ϕ has a different behaviour. The radii exp(2f (r)) and exp(2g(r)) are shrinking in the IR as seen in figures (5) and (6), which means increasing of the curvature of the solution. However, in this case the behaviour of ϕ is different as seen in figure (7) and the singularity in the extreme IR is of a "good" type. ϕ . However the effective potential is bounded from above and the singularity is of a "good" type. ϕ . It goes to zero as it approaches the "good" singularity in the IR.
D3-brane wrapped on S 3
Consider now the N D3-branes wrapped on a special Lagrangian cycle S 3 . Recall that for the five dimensional metric we take the ansatz
where f, g depend only on r.
The supergravity equations can be obtained from (49). In (49), due to the twist the first term is proportional to the scalar curvature of the supersymmetric cycle. The transition H 3 → S 3 thus induces a minus sign in this term. This can also be seen via the coordinate transformation φ → iφ as argued in [5] . Hence we get the following equations for the S 3 case
Again, the boundary conditions as r → 0 are g(r), f (r) → −Log(r) so that from (55) we get
We can find a numerical solution as depicted in figures (8) and (9) . The numerical solution has the same behaviour independently of the value of C ϕ . The singular behaviour is as for the H 3 case on the Coulomb branch, i.e. the singularity is of the "bad" type. As before, the "bad" singularity in the Coulomb branch can be explained by the fact that in the limit that we consider the Higgs and the Coulomb branches decouple, and we remain at low-energy with a (0 + 1)-dimensional σ-model on the Higgs branch. However, in this case, unlike H 3 , we do not expect a Higgs branch for the dual theory since S 
Appendix

A The Riemann surface case
For the case of a D3-brane wrapped around a Riemann surface we get from (2) and (3) the solution of [5] . The metric ansatz reads
and the corresponding spin connection
where the flat indices (1, 2, ..) are connected with the curved ones by the vielbein
We set B α µν to zero and take Φ to depend only on r, furthermore we truncate the SU(2) × U(1) gauge group to the Cartan subgroup U(1) × U(1). From the spin connection (58) we get the gauge potentials
and the corresponding field strengths
In addition we impose the following conditions on the spinors
as in [5] . We rescale the coupling constants [12] , g 1 =ḡ √ 2 and g 2 =ḡ. In this background with the above definitions the susy-variation of the x-component of the gravitino reads
The boundary conditions as r → 0 are g(r), f (r) → −Log(r) so that from (70) we get
There is a relation between g and ϕ which reads
The AdS 3 × H 2 solution of (70) gives C = . We therefore expect to have for this value of C a solution interpolating between AdS 5 in the UV with AdS 3 × H 2 in the IR and indeed we find one. An expansion of (72) leads to C ϕ = C 3 so that
Again, one interprets C ϕ in (71) roughly as the expectation value of the operator dual to ϕ. C ϕ = C crit. ϕ is then the value for which the Higgs and Coulomb branches "intersect" and this is where we expect a fixed point. For C ϕ > C crit. ϕ we move into the Coulomb branch while for C ϕ < C crit. ϕ we move into the Higgs branch. It is then of interest to see what happens to the supergravity solution as we vary C ϕ , which enters as a boundary value for ϕ. The numerical analysis of (70) shows singular solutions in both cases. However, the nature of the singularity is different and like the H 3 case it is of the "good" type along the Higgs branch and of the "bad" type along the Coulomb branch, i.e. the potential
is unbounded from above near the singularity. In the case of S 2 we find, like in the S 3 case, that the singularity is of the "bad" type independently of the value of C ϕ .
As before, the "bad" singularity in the Coulomb branch can be explained by the fact that in the limit that we consider the Higgs and the Coulomb branches decouple, and we remain at low-energy with a (1 + 1)-dimensional σ-model on the Higgs branch. The "bad" singularity on the Higgs branch in the S 2 case, indicates its absence. 
B The
where f, g depend only on r. The second part of the above metric is the metric of the S 3 .
The components of the vielbein of this metric read The H 3 case is obtained from the above by φ → iφ.
